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INTRODUCTION

As outlined by the chairman, this session of the
Second Congress is concerned with the formal,
theoretical problems of self-organizing systems.
Accordingly, this paper discusses in a formal way the
ideas of system, self-organizing system, constraint,
and generalization as applied to such systems
(Section I), and presents some theoretical (and
experimental) results toward the development of a
self-organizing machine (Section II). These results
were derived using the Ashenhurst-Curtis theory of
decomposition of switching functions.!'? The
authors feel that this theory should be exploited as
a tool in the development of self-organizing systems.

The definitions of Section I are intended to
formalize some of the notions that are being em-
ployed in the study of self-organizing systems. In
addition, the notion of generalization is treated
from a quantitative point of view instead of the
usual qualitative one. Some ideas important to this
quantitative approach are developed, with the result
that the generalizing ability of several self-organiz-
ing systems can be compared quantitatively. The
formal definitions of Section I are not necessary to
the developments of Section II.

In Section II, a teacher-pupil attribute is assigned
to a self-organizing system; the pupil is assumed to
be a collection of variable logic elements. Most pub-
lished results have been for the case where the
variable logic elements of the pupil are noninter-
acting. When the elements of the pupil are allowed
to interact, the rules (or algorithm) by which the
teacher trains the pupil become increasingly diffi-
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cult to develop. Thus, one important result of this
paper is Training Algorithm 1 (and its attendant
proof of convergence) which solves this problem for
two interacting elements. The greatest difficulty in
teaching a pupil with many interacting variable
elements is in preserving good information after the
pupil once acquires it. Training Algorithms 2 and 3,
based on Algorithm 1, solve this problem for a
specific many-element pupil, called a LADICAN.

The structure (interconnection of elements) of a
pupil determines precisely the set of tasks (fune-
tions) it can perform. It is thus important to investi-
gate the structure-dependent properties of the
many-element pupil; several of these properties
have been determined for the LADICAN. The
Ashenhurst-Curtis theory was the basic tool em-
ployed in the developments discussed in this section.

Experimental results were obtained by simulating
LADICANS on a digital computer. Some of these
results are presented.

SECTION I—MEANING

1.1

This section will be concerned with presenting a
definition of self-organizing system and then extract-
ing from this definition knowledge of the structure
of a self-organizing system, to be given as a theorem.

To define a self-organizing system, the term, sys-
tem, must first be defined. Abstractly, for an entity
to merit the name system (as generally applied) it
must in some way process information. That 18,
starting with some kind of “inputs,” it performs

System and Self-Organizing System
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some operations on these inputs, and yiclds the
consequences of these operations (called “outputs”)
—this is all that is necessary to a system. This
applies, for example, to a simple R-C network, to a
radio containing the network as a component, or to
an entire broadcasting system containing both net-
work and radio as components. In each case, the
system (or respective component-system) has what
may be called parameters which affect the way in
which the system operates (for example, in the R-C
network, the values of R and C affect its operating
characteristics; and in the radio, the volume and
tuning controls affect the way the radio system
operates—each affecting the operation of the sys-
tem in which it is contained).

With this discussion as a motivation, the following
sequence of definitions and axioms is presented.

Definition 1: A system S is a triplet: S = [I, O, R},
where I = I,XI, (Cartesian produet of I, and I,).
I, = {U.(t)}, the set of all U,(t) where s runs over
some index set; U,(t) is a vector time function
defined on say, ¢ 2 0; and the components of U,(t)
are the Regular-inputs of S. I, = {V,({)}, the set of
all V,(t) where s runs over some index set; V,(t) is a
vector time function defined on, say, { 2 0; and the
componenty of V,(f) are the Parameter-inputs of S.
0 = {C,(t)}, the set of all possible C,(t) where s runs
over some index set; C,({) is-a vector time function
defined on, say, t 2 0; and the components of C,(t)
are the Oulputs of S. R is a relation between I, and
0, i.e., a subset of the Cartesian product I,X0, and
R is dependent upon the parameter-inputs. That is,
R = F(V,), where F is a function from I, to B,
where B = {R|R C I.XO0}, the set of all possible
relations between I, and O. If R is fixed, the system
is said to be fixed. If R is variable, the system is said
to be variable. (A variation in R is effected by a
variation in a parameter-input.) A system S can be
composed of other systems, say S; and S,, each de-
fined by its respective triplet, S, = [I,, O,, R} and
Sy = [Is, Oz, Rs). Si and S, will be called Component-
systems.

Now, partition the set of parameter-inputs into
two subsets: let T' be the set of those parameter-
inputs which will be called “intentional,” and A the
set of all remaining parameter-inputs. Let v be a
subset of I and A a subset of A.

Definition 2: A system A is said to dominate a
system B when an output of system A is a param-
eter-input of system B, and no output of B is a
parameter-input of A.

Definition 3: A system self-organizing with respect
to a relation D, call it Sp, is a 4-tuple: Sp = [I, O,

R, D], where R goes to D (R — D) with time, and
there are no I-parameter-inputs to Sy, I, O, I arce
as in Definition 1. D is a specified relation between
I, and O.*

As a first step, the necessary axiomatic assuiip-
tions regarding the existence of S and S, are made.
Assuming that an Sp exists, then by Definition 3,
R — D with time; hence it follows that R is variable
{except for the trivial case where & = D).

Since B — D with time, it is reasonable to asste
that R varies purposefully (in some sense) at least
part of the time, because it does not scent probable
that R — D solely by random changes in the
parameters. With this argument as motivation, the
following axiom is stated.

Axiom 1:

(R — D with time) — (R = R (v, A\), where
v # ¢ and R is not a constant function of v)

Axiom 1 requires the existence of some paramcter-
inputs which are changed intentionally (i.e., v # ¢).
Definition 3 asserts that there are no such parame-
ter-inputs to Sp; therefore, there must be a source of
the vy within Sp, that is, a component-system (call
it W) within Sp with outputs vy (viz., W =
{Iw, v, Bw]). Since these parameters serve to change
R, component-system W must dominate some other
component-system (call it V) within Sp—one that
is characterized by this R (viz., V = (I, O, R(v, M)},
where R is the same relation as that for Sp); there-
fore, the regular inputs to V are the same as those to
Sp; ie, I, = I.XI,. Furthermore, the system
W = [I,, v, R.] must be such that R (v, A\) — D.

These considerations lead to the conclusion that
Sp must have a component-system of the form
V=1, 0, B (v, \], v # ¢, and a component-
system of the form W = [I,, v, R.}], where W
dominates V in such a way that R(y, \) — D. (By
this last requirement, W in essence represents D.)
The requirement that W causes R — D implies that
W receives some information regarding R; since I
is a relation between I, and O, this means that W
receives as its regular-inputs at least some of the
regular-inputs of V and at least some of the outputs
of V.

These deduced necessary requirements are repre-
sented in Figure 1 via standard block diagram
notation. This block diagram represents a minimum
necessary interconnection pattern for a system to
be self-organizing with respect to a relation D as

*[L,O,R,D] — [L,O,D,D] = (1,0,D}
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V=(I,, O, R)
R(7,A}=D
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Figure 1. A Minimum Necessary Interconnection Pattern
for a System to be Self-Organizing With Respect to a Relation
D, as Defined in Definition 3.

defined in Definition 3. The word “subset’” is used
in the diagram to indicate that at least some, or
possibly all, of the respective information is in-
cluded in the labeled path. No attempt was made to
include the unintentional-parameter-inputs, since
they can come from anywhere.

In practice, determination of which inputs to the
system are to be called regular-inputs and which
ones are to be called parameter-inputs is determined
by D. This is because D expresses a relation between
certain inputs and the outputs; thus in specifying D,
a set of inputs is specified. These latter inputs are
the regular-inputs and all others the parameter-
inputs.

For the converse of the above arguments, if a
system S = [I, O, R] has a component-system of the
form V = [I,,0, R(y,\)]and a component-system of
the form W = [I,, v, R,], where W dominates V in
such a way that R(y, \) — D, where D is a specified
relation between I, and O, then S is self-organizing
with respect to D. This follows from the Definition
3. Thus, an alternate definition of a self-organizing
system is given by the following theorem.

Theorem. A system S = [I, O, R} is self-organisz-
ing with respect to a specified relation I between I ,
and O if, and only if, S has a component-system of
the form V = (I,, 0, R(v, \)), I, = I, X I, and a
component-system of the form W = [I., v, R.],
where W dominates V in such a way that R(vy, A)
— D with time.

The forte of this latter definition, over Definition
3, is its display of some (minimum necessary)
properties of the structure of a self-organizing
system.

The above discussion is essentially the same as
that of Reference 3.

1.2 Constraint

The remaining discussions of this section are di-
rectly concerned with regular inputs only—not
parameter-inputs. Thus, when the word “input”
appears, it means regular input.

Given a function F(x,, x5, . . . , z,). Each inde-
pendent variable, z;, ranges over a set of values X ;.
If a value is assigned to F for each n-tuple (x,

T2, . .., xa) With x; ¢ X, then F is said to be a Total
Function; if there are some joint values of 1,
T3, . . ., Z, for which F is undefined, F is called a

Partial Function.

We will call those n-tuples for which F is defined
care terms, and those n-tuples for which F is unde-
fined, don’t-care lerms. We will use the word con-
straint to indicate that not all n-tuples (zi, z,, . . .,
x,) with x; ¢ X, are of interest. Thus, in a constrained
input set, there is a non-empty set of don’t care
terms.

In this paper, we restrict our attention to the
finite case. That is, the sets X, will be finite. How-
ever, much of what is said applies directly to the
non-finite case.

We assume the relation D of Sp to be a function.
As such, it assigns one, and only one, output to an
input. If D specifies an output for every possible
input, it is total; otherwise, it is partial.

To illustrate, consider the following problem: on a
square grid of m black/white squares, distinguish
between all patterns considered to look like A’s and
all considered to look like B’s. On this square grid,
there are 2= possible patterns (m-tuples). The
independent variables 2y, x3, . . . , z., range over the
set (0, 1). The set of care terms is constrained to
those m-tuples corresponding to A’s and B’s; the
balance are don’t-care terms. Zero is to be assigned
to each n-tuple corresponding to an A, and 1 to each
m-tuple corresponding to a B, no output is defined
for the don’t-care terms. This specification is a
partial function. (We will refer to this example later).

Given two functions, F and G, with the same
independent variables. If for every n-tuple (z;,
Ty, . .., Tn) for which F is defined, G is also defined
and assigns the same value as F, then G is an
extension of F. The notation used to denote this is
F C G. (Alternatively, this notation may be read:
F is a restriction of G.)

Assume g self-organizing system S, = (I,0,R,D)
as in Fig. 1. For any input to Sp, V will issue an
output. Thus R is total. Letting D be a partial
function, we assume that the inputs to Sp are only
the care terms of D, and these we call set C. Let Sp
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operate until ¥ issues the correct output for each of
the inputs in set C. B will then be an extension of D,
DC R

Next, assume another self-organizing system
Spr = [I,0,R\, D\] where D, € D, and the set of
care terms of D, call it C}, is a proper subset of C,
denoted €, C C. Let Sp, operate until D, © R..

In terms of the previous example, C is the entire
set of A’s and B’s; and when Sp is finished, V cor-
rectly identifies all A’s and B’s. Since C, is only
some subset of C, all that can be said when Sp, is
finished is that V; correctly identifies the letters A
and B belonging to C,.

Now let us compare R, and D. That is, with W,
disconnccted, how well will V, identify the A’s and
B’s it has not ‘“‘seen’ (those belonging to C/C\)?*
If D € R,; then, and only then, will V, correctly
identify all the A’s and B’s. At the other extreme, if
D and R, have no assignments in common for the
care terms in C/C,, then V, will make a “mistake”
on all the letters A and B it has not “seen.”

At this point, a semantic problem arises. How do
we use one word, or one concise set of words, to
describe where we are in this range of possibilities?
The word “generalization” has been used in this
context. For example, if, when tested on a few care
terms from C/C,, V, yields the correct responses,
then V), has been said to generalize. The usage to
date seems quite imprecise.

1.3 (Generalization

The dictionary definition of generalization con-
tains no assertion of “correctness.”” Therefore, any
extension of a funetion is a generalization of that
function. The problem that remains is to compare
this generalization with some other function, partial
or total, to determine the degree of concurrence, or
“correctness,” over the set of care terms. No matter
what the application, a comparison with some
standard must be made before an assertion of
“correctness” is made.

Using the previous notation, assume partial
function D as our standard. We have D,;C D with
C\CC, and D, C R, As stated earlier, we wish to
compare D and R;. (We recall that all these func-
tions have the same independent variables.) The
functions D and R, give the same assignments to
the care terms in set C,. Since D is defined only over
C, we are not interested in the assignments R,
makes over I,/C. (Recall that I, is the set of all

*C/Cy = {ylyeCandy e Cs)

possible inputs.) The comparison is thus to be made
only over the set of care terms C/C,.

Let the cardinality of C be ¢, and of (', ¢;. The
cardinality of C/C, is thus (c-¢;) & k. Let k. be the
number of care terms in C/C, for which R, assigns
the correct value (the same value that D assigns).
We use the ratio k./k as an adjectival modifier for
the word ‘“‘generalization’” to indicate the relative
degree of concurrence of R, with D over the care
terms C/C,—that is, the degree of correctness.

Any extension, or generalization, is made relative
to a base set of care terms—in this case set C;. The
care terms of C, are those care terms of C to which
V. is exposed. Thus the ratio ¢i/c in a sense tells us
how much we pay for the generalization we get.

We incorporate these two ratios in the following
expression.

ke

. . .
T generalization via ~, exposure 1)

If £ =0, deﬁne% = 0.
As an example, suppose ¢ = 100 and ¢; = 50; then
k = 50. Suppose k. = 25. For this case we have

.5 generalization via .5 exposure

As another example, again let ¢ = 100 but let
¢ = 24; then k = 76. Suppose k. = 38. For this
case we have.

.5 generalization via .24 exposure.

The .5 generalization in the latter case is more
impressive than in the former.

Though its intent may be precise enough, Expres-
sion (1) has its practical difficulties. In most applica-
tions, ¢ and k& are very large numbers. In these cases
it is impractical to compare R; and D at each of the
k care terms not in the base set.

For practical considerations, therefore, a com-
promise must be made.

Instead of using the entire set C/C;, we select
some representative members of C/C;, and examine
R, with these care terms, called the exam set; we
denote the exam set by E, and its cardinality by e.
We let e, be the number of care terms in the exam
set E for which R, assigns the correct value. The
ratio e./e will then replace the ratio k./k in Ex-
pression (1).

€1

We modify the ratio ¢;/c to be i+ e
This is the ratio of the size of the base set to the
total number of care terms to which V is exposed.
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When . = k, G becomes .
ca+e c

For the application to be discussed later, system
V is assigned the role of pupil, and system W is
assigned the role of teacher. We then speak in terms
of W training V to perform D. The teacher trains
the pupil with a subset of care terms, called the
lratning set, T, of cardinality £. (T corresponds to
the set C, in the above discussion.) After the teacher
has trained the pupil, we examine the pupil to see
how well it performs. The exam set is selected from
C/T.

It may turn out that the pupil does not give
correct answers for all the care terms in the training
set, 7. This must be taken into account when
reporting the results of the pupil’s performance on
the exam set.

Let ¢ be the number of care terms in T for which
the pupil does give the correct output. The ratio
t./t will be used as a measure of the pupil’s per-
formance on the training set.

We propose the following expression to encompass
all the above considerations:

e .. . ..
—ef generalization via ?c training performance on

2
P exposure (2)

It is important to remember that this statement
depends on the exam set E. An a priori judgment
has to be made that the set E is representative of
the set C/T.

1.4 Generalization Ratio

We believe that the greatest potential attribute of
a self-organizing machine will be its ability to gen-
eralize well. Therefore, in developing self-organizing
machines, we will want to compare the generalization
performance of one teacher-pupil combination on a
training and exam set with that of another combina-
tion on the same sets. Or, we may want to compare
the difference in performance of just one teacher-
pupil combination on several training and exam
sets.

As an example, suppose pupil 1 has .8 generaliza-
tion via .8 training performance on a given exposure
whereas pupil 2 has .8 generalization via 1.0 training
performance on the same training exposure. Which
pupil did “better” at generalizing? We assert that
pupil 1 did, because it performed as well on the care
terms to which it had never been exposed as it did
on the care terms of the training set. Pupil 2, how-

ever, performed less well on the exam set than on
the training set.

As an index of a pupil’s generalizing capability,
we define a Generalizing Ratio:

GR = %

tc/l
When two Generalization Ratios are compared, it
is assumed that either the sets 7 and E are held
constant with variations occurring in the pupil and/
or teacher, or that the pupil-teacher combination is
fixed with variations oceurring in the selection of

sets T and/or E for constant d
t+ e
For the above illustration,
GR (pupil 1) = 1.0
and GR (pupil 2) = 8

This ratio indicates that pupil 1 did better at gen-
eralizing than pupil 2.*

SECTION II--MEANS

2.1 Introduction

This section is concerned with aspects of develop-
ing a self-organizing machine.

Many of the results to be presented here have
been derived in Reference 4. The derivations are all
based upon the Ashenhurst-Curtis theory of de-
composition of switching functions,? hereafter
referred to as the A-C theory. In Reference 4, the
portions of the A-C theory necessary to the develop-
ment are presented.t

In this section the word machine represents an
embodyment of the concept of system, presented in
Section I. The kind of machine considered is as
follows: A set of binary inputs is presented to the
machine; the machine yields a set of binary outputs.
The machine has two parts: a teacher, and a pupil.
The teacher “knows’ what response is desired from
the pupil and trains the pupil to achieve this desired
performance. The pupil is a network (or net) of
interconnected binary logic elements, some of whose
parameters are variable. The structure of the net-
work is the interconnection pattern of the elements.

This machine clearly satisfies the conditions of
Theorem 1 and may, therefore, be called self-
organizing with respect to the function the teacher
“knows.”’

* The ideas of Sections 1.3 and 1.4 are discussed less for-
mally in Reference 14.
t Reference 4 is self-contained and is tutorially oriented.
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The success of the teacher in training the pupil
will depend upon the use of an appropriate train-
ing algorithm. As presently visualized, the teacher’s
modus operandi consists of two major phases: ad-
justing and restructuring. In the adjusting phase,
the parameters of individual logic clements com-
prising the network are changed, but the inter-
connection among those clements is not. In the
restructuring phase, the interconnection among the
elements is changed. In these terms, the process of
teaching proceeds by starting from an initial net-
work; there is an adjustment phase during which
an attempt is made to have the pupil learn an
assigned function. This phase ends when either the
function is learned, or the teacher decides that the
function is beyond the pupil's capability. If this
happens, a restructuring phase begins, and inter-
connections among the elements are modified. Then
a new adjusting phase is started.

With the A-C theory, it can be shown that in
any specifically structured network of logic clements,
the given structure of the network determines pre-
cisely the set of functions realizable by it. This set
of realizable functions is a subset of the set of all
possible functions of the given input variables.
Further, this subset of realizable functions is quite
independent of the algorithm used by the teacher
in training the pupil.*

We define the performance space of a network as
the set of functions that the pupil is capable of
performing as the element parameters range over
their possibilities but the structure (interconnection
of elements) is unchanged. Each structure has its
corresponding performance space. In these terms,
during the adjusting phase a scheme of parameter
adjustment is followed to seek out solution values if
the function is within the pupil’s performance
space. If the function is not within the pupil’s per-
formance space, this is to be determined and the
performance space meaningfully changed by re-
structuring the elements.

An illustration of these ideas is given by Figure 2.
The total number of possible switching functiog's
that can be performed on m binary variables is 2?

* Therefore to ask whether or not a given machine is self-
organizing with respect to a certain function is meaningful
only if that function is contained in the set of functions
realizable by the pupil. When such a function is specified to
the teacher and the pupil learns it, the machine will be said to
achieve the function. If for a given self-organizing machine
the set of its achievable functions is equal to the set of its
realizable functions, the machine is said to be “perfect.”
Thus, if the training algorithm forces the pupil to converge to
a solution if it exists, the machine will be “perfect.”

m

» SPACE OF 2

PERFORMANCE SPACE

DESIRED OF CURRENT STRUCTURE

SOLUTON
POINT

PERFORMANCE SPACE OF
FINAL STRUCTURE

Figure 2. Performance Space Dirceted to Coutain Desired
Solution Point.

The performance space of u structured network
(with m external inputs) i some subset of these 22"
functions. The desired function may or may not he
contained in the performance space of the begiuning
structure. The object of the rest ructuring phase of
the training algorithm is to change the structure
in such a way that eventually the performance
space will contain the solution function.

There are five crucial problems in this proposed
operation:

1. Can a training algorithm be found that will
assure convergence to a solution if it exists
within the current capability of the pupil?

2. What is an appropriate starting network?

How is the performance to be monitored?

4. Upon what basis is the restructuring decision
to be made?

5. What is a meaningful change?

®

Although these questions are not yet fully answered,
they are listed here to serve as a reference frame
for the results to be presented.

To answer these questions, considerable in-
formation regarding the structural properties of the
networks will be required. To investigate the
structural properties of these kinds of networks, a
decision must first be made concerning the type of
structure to start with. After the structure is
chosen, some of the questions that will arise are the
following:

1. How good is it; e.g., how many functions can
it realize?

2. What is a training algorithm which will
assure convergence for this net?

3. How can this training algorithm-net com-
bination be meaningfully tested; e.g., can
functions be specified with an a priori know-
ledge of the relative difficulty the pupil will
have in learning them?
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4. Assuming that the pupil has learned such a
function in an unknown situation (such as
in a pattern recognition task), is there any-
thing that can be extracted from the result-
ing parameters of the net that will give
mformation about the task and/or environ-
ment?

As a starting point, it was decided to use a
cascade-type of network for the pupil because of the
relative ease of applying the A-C theory, and to
begin with a disjunctive partitioning on the inputs
(each cxternal input goes to only one eclement
within the net). This decision was based upon the
conjecture put forth by Curtis that if a function can
be realized disjunctively, then this realization is
probably minimal. Next, because of its generality—
namely, that it can perform all possible switching
functions of its input variables—the universal logic
clement was chosen as the basic component of the
uetwork. In this way, any network properties which
are determined will be dependent upon the structure
of the net, and not upon constraints imposed by the
elements. By applying the A-C theory to dis-
junctive cascade networks, at least partial answers
to the questions abeve were developed, and those
pertaining to the first three questions are presented
here.

2.2 Universal Logic Element

Counsider a black box with m input wires, and one
output wire; each wire corresponds to a binary
variable. The box assigns one, and only one, output
to each input. The operation of the box may be
described as a switching function—a two-valued
function of m two-valued variables. Let this black
box have the added property that the switching
function it performs on its binary inputs can be
specified externally, say, by a dial setting. We define
a unwersal binary logic element as such a black box
with m inputs (donoted by U,) whose dial can
assume any one of 2% positions, each position
corresponding to & different one of the 2t switching
functions that are possible on m binary inputs. A
more restricted type of logic element can be obtained
by suitably restricting the dial settings. In fact,
all binary logic elements can be described in this
way because any possible restriction of the operation
of the element can be realized by an appropriate
restriction on the dial settings. An example of such
a restricted type of logic element is the threshold
logic element. In this case, the set of permissible

Registers
(switches)

1 =
)

X,
2 o
- A

%3
-

Figure 3. An Ixample of the Internal Structure of a
Universal Element.

dial positions corresponds to those switching
functions that are classified as linearly separable.

The universal logic element can be thought of as
operating in the following manner. (See Fig. 3.) It
has a first layer which performs a full decoding—that
15, one which observes the m input wires, decides
which pattern (minterm) is present, and announces
this decision by sending a 1 out on the appropriate
output wire (there are 2™ output wires representing
the 2 possible minterms of the m inputs). Following
this first layer, there is a second layer which
contains 2™ registers, each one fed by one of the 2~
minterm wires from layer 1. Although the precise
operation of these registers depends on the specific
application of the element, if the register contains a
zero, its output will always be zero; but if the register
contains a 1, its output will be the same as its input
(Le., the register may be thought of as a switch, open
when zero, closed when 1). The outputs of all these
registers feed an “inclusive or” gate whose output is
the output of the element. Thus if the register
(switch) that corresponds to the minterm being
presented to the element is set at 1 (closed), the
output of the element is 1; otherwise it is zero.
Which registers are set to 1 (switches closed) depends
upon the dial setting, i.e., the switching function to
be performed by the logic element.

2.3  Number of Functions Realizable by a
LADICAN, R,

Consider a cascade structure of universal elements
as shown in Fig. 4. As indicated, the number of
external inputs to the j** element is given by ;.

We are specifically interested in the case where
the external inputs to this network are partitioned
into disjoint sets so that no input goes to more than
one element within the net. With this restriction,

n
Z iJ' = m,
=1

where m is the total number of external inputs. A
switching function realizable by such a network is
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Figure 4. Labeled Disjunctive Cascade Network of 7
Universal Elements.

called disjunctively decomposable; therefore, we
will call this network a labeled disjunctive cascade
network, where the word disjunctive refers to the
above restriction on the partitioning of the external
inputs, and the word labeled means that a specific
assignment of inputs has been made. For notational
convenience, we will use the acronym LADICAN in
place of labeled disjunctive cascade network. For
further notational convenience, we let 2°/ = [ ;, and
we will let R, be the number of functions realizable
by a LADICAN of n universal elements. (R, of
course, will depend upon the size of the universal
elements.)

We state the following result:*

I 1 —1 I
boed 1t (o ) s) o

!
[\
3

;

S
=
-

Ri=2",n=2234.....
This is the total number of functions realizable by
a labeled disjunctive cascade network (LADICAN)
of n universal elements.

For the special case where all the elements of the
LADICAN have the same number of inputs, that
is, 2 = 4, = . ... = 1, we have a nonrecursive
formula for R,. Welet I = 2%, § = 1,2,..., n. Then,

A" — 1

A—1 )

R,=2"4""'"-B
where A4 =271 (27 - 1)

and B =2"(@2" -2

For the special case where all the elements of the
LADICAN are the same size, say U,, we again have
a nonrecursive formula for R,,:

e = me" + p )
k —
where a=2,2b=2,2klc=g(b—l),
d=b(b~-2)=2 —p
__4d 1
p=s_pm=_(a—p

and the subscript in front of R, means that only U,
elements are in the LADICAN.

As a subcase of this last result, if the LADICAN
contains only U,’s, we have

[y

2

2Rn= 3’6 +

6™ + 4) (6)

rloo
(138 &)

Equation (6) was first presented in a paper by
K. K. Maitra.® His derivation of this equation
in that paper, based on a graphical scheme, failed
to yield the generalization which was made in a
straightforward manner in Equation (3) by using
the theory of decomposition.

We note that forn = 2, 3, 4, the values of ;R, are
respectively 88, 520, and 3112. These can be com-
pared to the total number of switching functions
possible on the corresponding number of inputs:
256; 65,536; 4,294,967,296. We note from these
numbers that the “logical capacity’’* of a LADICAN
decays very rapidly as n increases.

2.4 Number of Ways of Realizing Functions in a
LADICAN

The number of dial positions on a k-input universal
element is 2%; therefore, the total number of dial
position combinations that can be made in a
LADICAN of n universal elements is 22! 222%!
..... 272*1 (Refer to Fig. 4). This number is,

* Adapting a definition given by Maitra, “logical eapacity’’
in this case is the ratio of

n n
R, Z 1; where E 1;
22 1 22 1

is the total number of possible switching functions on the

i 1; inputs.

1= j
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Subset Number of Realizations Cardinality of Subset
n-1 I L1 L-1 5
0 2", @ -22° @%-1...2" @".y
1 -1 1 [ -1 1
1 2“‘2T1 @2-223 @3.p... 2" @y
I -1 1 I -1 1
2 2“‘3T2 @3-22% @%.pn.. .20 (0.
I I -1 1 “11
n-3 22Tn_3 @" 29201 ‘gl pomn o
L.y L-11
n-2 2T, @M logn 0.y
In
n-1 T 2
n-1
I I, 2I oI,
2 .2 ]

where T, =2T, @i+t .oty

i=0, 1, ..., n-1;T0=1

Figure 5. Tabulation of Results in This Section.

however, considerably larger than R,, the total
number of functions realizable by such a net. It
follows, then, that at least one of these functions
will be realized by more than one combination of
dial positions. (In Reference 4 it is shown that each
function can be realized in at least two ways.)

A question of interest is: How many different
combinations of dial settings will realize the same
function in a LADICAN? It turns out that if we
classify the R, functions according to the number of
ways each is realizable, there are n different classes.
That is, we can partition the set of realizable
functions into n subsets, each subset characterized
by the number of ways each of its member functions
is realizable. This number will be designated by
Py, where P is the number of possible realizations,
and the subscript k designates the subset, k =
0, 1, ..., n-1. The following have been developed:
(1) a way of determining the subset to which a
(realizable) function belongs; (2) P, for each subset;
and (3) the cardinality of each subset.

The first result is not presented herc because it
requires the use of the partition matrix, an im-
portant tool in the A-C theory but not discussed
here (see Reference 4).

Results two and three are displayed in the table of

Fig. 5.
We note that subset 0 corresponds to the least
number of realizations, while subset (n — 1) cor-

responds to the most. Further, subset 0 is the largest
subset, while subset (n — 1) is the smallest. In each
case, the distribution between the two extremes is
monotonic. These facts are illustrated in Fig. 6.
Subset (n-1)

Subset 0

Figure 6. Representation of Subset Cardinality.
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As a numerical example, let us consider the case
where n = 3 and cach universal element has two
external inputs. The table then becomes:

Subset Number of Cardinality of

Realizations Subset
0 4 201,600
1 92 1,680
2 5,476 16

This table displays numerically some of the facts
pointed out above. We see that (5476) (16) +
(92) (1680) 4 (4) (201,600) = 1,048,576. The total
number of possible dial setting combinations is

20 237 211 = (16)(256)(256) = 1,048,576.

The two numbers are seen to be identical. Further,
by applying Equation (4), we find that B; = 203,296.
This agrees with the sum of the numbers in the
right-hand column of the table.

Recapitulating, A LADICAN of n universal
elements can realize R, functions. These R, functions
can be partitioned into n subsets. The partition is
determined by inspecting the A,C, partition matrix
representations (see Reference 4) of each function,
k= n-1,n-2,...,1,0.If the class to which a function
belongs is known, then the number of possible
realizations that exist for this function by this net
and exactly what these realizations are can be
established. Further, by knowing that the function
isin class &, then we can disregard the top k universal
elements as superfluous.

To evaluate a particular training algorithm on a
LADICAN,;, it is necessary to be able to specify (to
the teacher) a function that is realizable by the
pupil. Such a specification may be made straight-
forwardly by giving a 1 or 0 specification for each
of the registers in the net. However, a function
specified arbitrarily in this fashion may be in any
of the n subsets. For this given task, each subset may
be thought of as representing a certain quality of
testing function. (The word quality in used because
functions from different subsets are dependent upon
the precise settings of a different number of elements,
hence, switches.) It turns out that for a function to
represent the most rigorous kind of test for a
training algorithm, the function must be a member
of subset 0, because it is only for these functions
that the precise setting of all n elements is required.
Further, these functions have the least number of
possible realizations, thus again reflecting the more
stringent performance requirements of learning such

function. The register settings required to realize
functions of this subset 0 can be made unique by
arbitrartly making an a priori specification of one
register in cach of the first (n — 1) of the n elements
in the LADICAN. This observation is based upon
some facts developed in Reference 4.

Since fuuctions of all other subsets do not require
the specification of all registers in the LADICAN,
the following more restricted observation can be
made: In a LADICAN, the settings of those registers
which specify a given realizable function can be
made unique by an a priori setting to zero of a
specified register in each of the first (n — 1) of the
n elements. This observatiou will be used in develop-
ing the training algorithms. Specifically, a register
designated Vg in cach of the first(n-1) elements will
be sct to zero.

2.5 Permulation of Inpuls

The number of functions realizable by a
LADICAN, £, has bcen determined. Another
related question is: What effect does changing the
assignment of mput variables (labeling) have on the
set of functions realizable by such a network?
Obviously, nothing happens to the cardinality of
this set, for in deriving R, there were no require-
ments on the labeling other than that it be fixed.
Therefore, the sets of realizable functions that
corresponid to two different labelings of the same
network can differ one from the other only to the
extent of containing different functions; their
cardinality must, however, be the same.

It would be of interest to determine the number
of functions realizable by a LADICAN when all
possible labelings are considered. This number is
the cardinality of the union of the sets of functions
realizable by the LADICAN corresponding to all
possible labelings. Although such a result is not yet
avaMable for the general case, two general ideas that
are useful in this endeavor are presented, together
with a development of the result for the special case
of two U,'s connected in cascade.

The first of these two ideas is expressed in General
Statement I:

I. In any network of universal logic elements, it
is clear that an interchange of inputs to an
individual element will have no effect upon the
set of functions realizable by the net but may
change the dial settings required for realizing
these functions.

With this statement in mind, consider the following
specialization. Take an arbitrary network of univer-
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sal elements. Let this network have m inputs, and
let & be the number of elements in the uet whose
inputs include at least one of the m (external) inputs.
Number these elements A T
1, 2,. .., k be the number of external inputs to the
J'" element, and classify the external inputs according
to the clement they feed. Assume that this classifica-
tion is disjunctive. We then have an “ordered”
partitioning of the inputs into 4 classes; the
cardinality of cach class is 1,7 =1,2,.... k and

k
Z 1; = m.
=t

A simple calculation shows that there are

_m!

k
II G
i=1

ways of making such an assignment of the m inputs
into 4 disjoint classes of cardinality ¢;, j = 1, 2,
-« .., k. It follows for this case that of the m!
possible permutations of m inputs, this number

m!
k

II GY

J=1
15 the number of permutations not excluded by
Statement I as candidates for affecting the set of
functions realizable by the given net. These con-
siderations lead to the second idea, General State-
ment II:

II. In any network of universal elements, if the
m input variables are partitioned as indicated
above, then only the

m!

k
II G
=1
permutations corresponding to repartitioning
(in the ordered sense) the variables can affect
the set of functions realizable by this net.

Consider the LADICAN of the two U,’s shown
in Figure 7. We know from General Statement I
that interchanging the variables z; and z, or ¢ and z,
will not change the set of functions realizable by this
network. And from General Statement II we know
that only the 31/(2!)(1!) = 3 permutations corres-
ponding to the (appropriate) repartitions of the
variables can affect the set of functions realizable by
this network. These three partitions are: (a)z,rs|z;

(in Figure 7), (b) 2123/, () xaxslxy. For reasons
indicated in Reference 4, we will call (a) the r,
viewpoint (b) the z, viewpoint, and (¢) the x, view-
point. To cach partition (viewpoint) there corres-
ponds a set of ,R, = 88 functions that can be realized.
The cardinality of the union and intersections of
these three sets of realizable functions is of interest.
The possibilities are indicated in Figure 8.

In Reference 4, it is shown that the shaded inter-
sections of Figure 8 are empty; that is, a function
is realizable either from only one viewpoint, or from
all three viewpoints—there are no functions realiz-
able from only two viewpoints. Figure 9 represents
these facts.

It turns out that the cardinality of the inter-
section is 56, and the cardinality of each of the
“wings” is 32. Thus, the cardinality of the union is
152

2.6 Training Algorithms

[n this subsection, three algorithms for training
LADICANs are presented. The fundamental one
1s Algorithm 1; Algorithms 2 and 3 use it as a
building block. In Reference 4, it is proved that

LADICAN of Two U,'s.

Figure 7.

2
Space of 2
4

X viewpoint Xq viewpoint

x2 viewpoint

Figure 8. Possible Intersections of Three Viewpoints.
Space of 22
4
Xy viewpoint
x2 viewpoint Xg viewpoint

Figure 9. Actual Intersections of Three Viewpoints.
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when Algorithm 1 is applied to a two-element
LADICAN, it will assure convergence to a solution
if one exists.* Algorithms 2 and 3 are for training
LADICANs of n universal elements, n > 2,
Algorithm 2 is used in situations where the input
environment is not constrained; Algorithm 3 may be
applied to constrained environments as well. The
important feature of these last two algorithms is
their ability to identify and preserve good informa-
tion once it is obtained.

2.6.1 Algorithm 1

Consider a universal element with n inputs; it
contains 2" registers, and each of these registers can
count from 0 to 1 in s equal steps (of 1/s). When the
register is at O or 1, we say that it is set; otherwise, it
is in transition. As discussed earlier, the zero cor-
responds to the register’s operation as an open
switch, and the 1 corresponds to its operation as a
closed switch. In each of its positions, the register
will have a probability, p;, of acting as though
there were a 1 in it, and a probability, ¢. = 1 — p;,
of acting as though there were a 0 in it. The sub-
script ¢ corresponds to the count /s in the register,
t=20,1,...,s Thus po = 0 and p, = L.}

Consider a LADICAN of two universal elements
as shown in Figure 10.

Element 1 has I, registers; element 2 has 2I,
registers (the multiplier 2 is due to the extra input
¢). Arrange the 2I, registers of element 2 into
columns, Vo and Vy, each of I, registers. Each row
of these two columns (placed side to side) corre-
sponds to one of the I, minterms of the 7, inputs; the
appropriate column is selected by ¢. By a similar
construction, element 1 has one column, V,, of I,
registers.

We are interested in setting the registers of these
elements to perform a particular one of the switch-
ing functions realizable by this net. To make the
required setting unique, we set one register of column
Vo of element 1 to zero and do not change it from
that value. This done, there corresponds only one
correct setting at 0 or 1 for each of those registers
that is required to specify the given function. This
uniqueness is required in the convergence proof that
is to be outlined.

*To the authors’ knowledge, this is the first algorithm
which assures convergence to a solution (if it exists) when
more than one interacting adjustable logic element is included
in the training.

1 This model of the register is similar to the statistical switch
on the SOBLIN of Reference 8.

Figure 10. LADICAN of Two Universal Elements.

Under certain conditions, some registers are not
called upon to specify the given function; therefore,
they do not have required settings and will be said to
be set correctly regardless of their count at any
given time.

With reference to a specified function, then, each
register may be set correctly, incorrectly, or be in
transition (a transition state is one wherein p, » 1
or 0), and the letters C, I, and 7', respectively, will
so indicate. We denote the total number of registers
by M = I, + 2I,. Since each register has (k + 1)
possible levels, there are (k + 1) possible patterns
of register settings. For each of these (k + 1)¥
patterns, depending upon the specified function, we
will assign a C, I, or T to each register. We will call
each of these resulting patterns of C, I, and T a
point in which we now define as the register setting
space.

In the convergence proof of Algorithm 1, the
task will be to show that a training program based
upon this algorithm will yield the desired register
settings in a two-element LADICAN. In terms of
the register setting space, this may be stated as
follows: beginning at some arbitrary point in the
space, the algorithm must take us, via some path,
to the point representing “all registers set correctly.”
Call this point F.

For that proof, it is convenient to map the register
setting space into the real line (specifically, the
non-negative integers). Denote the image of F by
F*. This transformation is made one-to-one at point
F; ie., the inverse image of F* is uniquely F. The
Euclidean metric is employed in this image space as
a tool to establish that the algorithm takes us to the
point F*. Then, since the inverse image of F* is
uniquely F, we assert that the algorithm takes us to
F in the register setting space.

We refer to each point in the register setting
space by r;, 1 < 7 £ 3M. To each point r; there
corresponds a number of correct register settings
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— call it 4, — and a number of incorrect register
settings — call it B

A; = X correct register settings at r;
B; = X iuncorrect register settings at r;

Define the mapping ¢ as follows:
o:rj—>M — (A; — B))

At the point /, A = M and B = 0; therefore F* = 0.
(No other point is mapped onto 0). There are no
points mapped into the negative real line, and the
largest positive integer that is mapped onto is 2M
(all registers set incorrectly). We call the points
on the real line y;,, ¢ = 0, 1, . . . 2M. Except for
yo = F* = 0, and yayr = 2M, each, y; corresponds
to a set of r,’s because this mapping is many-to-one.
We use the Euclidean metrie,

p (Y yi) = lyi — ysl = |ric — rjo], i € yuo™
r; €Yo !

We specialize this to measure the distance from
the origin:

po () = p (Y, 0) = |ys — O = |rie — 0] =

ria, Ti€ y.-a'_‘

This metric py specifies the distance from a given
set of register settings r. to the desired solution.
Thus, at the solution point,

po (F*) =0

Now Algorithm 1. Start with all registers set at
1/2 (if s is odd, pick a level near 1/2), except one
register of column V, of element 1 which is set to 0.
Specify a function. Apply an input. If the output of
the net is correct, apply another input. If the output
of the net is incorrect, ascertain which register
determined the output of each element and “punish”
each of them. That is, if a register acted like a 1,
decrement it by m/s; if a register acted like a 0,
increment it by m/s, where m is an integer between
0 and s specified a priori. (For notational convenience
m/s will hereafter be designated by A.) Apply
another input and continue. If a register is set at 1,
an increment leaves it unchanged; similarly, if it is
set at 0, a decrement leaves it unchanged. The
requirement on the input sequence is that the
frequency of occurrence of the minterms to each
element must be essentially evenly distributed. A
weaker condition would also suffice here. Namely,
each minterm to each element must appear at

least “every once in a while,” that is, infinitely often
in an infinite sequence. These requirements on the
element minterms are considerably weaker than a
similar requirement on the entire network minterms
would be.

At each iteration, the inputs applied to the net
will select one register in each element. Each
register could have been set C, I, or T'. If the output
of the net is correct, no action is taken; therefore,
the register settings do not change. However, if the
output of the net is incorrect, a ““punish” action is
taken and, consequently, the register settings will
be changed. We denote the settings of the two
registers selected in each case by an ordered pair of
letters, the first letter corresponding to the register
of element I, and the second to the register of
element 2. The possible settings of the two registers
at the beginning of any cycle are 11, IT, IC, T1I,
TT, TC,CI, CT, and CC.

In Reference 4, a state diagram is constructed to
represent all possible starting settings of the two
registers and all possible transitions from these
settings resulting from a “punish” action. The
change in the value of the metric po in going from
one state to the other is computed for each state.
This information is then used to prove that for
A 2 1/2, ps, goes to zero in a finite number of
interations, where py, is the distance of the register
settings in the pupil to the correct solution. Thus it
follows that Algorithm 1, with A > 1/2, guarantees
attainment of the correct register settings by a
two-element LADICAN in a finite number of steps.

Two modifications of Algorithm 1 are considered
in Reference 4. In the first, instead of performing a
“punish’ action after an incorrect output, perform
a “reward” action after a correct output. That is,
if the output of the net is correct, ascertain which
register determined the output of each element and
“reward’” each of them. That is, if a register acted
as though it contained a 1, increment it by A; if a
register acted as though it contained a 0, decrement
it by A. In the second modification of Algorithm 1,
each time the net gives a correct answer, perform a
“reward” action, and each time the net gives an
incorrect answer, perform a ‘‘punish’” action.
Algorithm 1 is then referred to as the “punish-only’
method; the first modification, ‘“reward-only;”’ and
the second modification, “reward-punish.”

It is shown that the ‘“punish-only” method
guarantees a solution, but that the ‘“‘reward-only”
method does not guarantee a solution. It is then
argued, and verified experimentally (see Figure 15),
that if the “reward-punish” method does yield a
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solution, it does so in a considerably shorter time
than the “punish-only’” method. However, there are
cases where the ‘“reward-punish” scheme does not
yield a solution (in a reasonable amount of time.)

Another experimental fact is that even when none
of the registers is fixed a priori (so that the solution
is not unique), the “reward-punish” algorithm still
vields correct solutions (whereas the “‘ punish-only”
algorithim does not converge). In fact, as shown in
Figure 15, the best operation is obtained using the
““reward-punish” algorithm in this way. Because the
solution is not unique when a register is not fixed a
priori, it is more difficult to prove that this method
will assure a correct solution. Such a proof is not
yet at hand.

2.6.2 Algorithm 2.

One of the major problems in training a many-
element net is to determine which elements in the
net are wrong when the pupil gives the wrong out-
put. The reason for this difficulty is that there is no
a priori knowledge of what function each element in
the net is to perform to make the net’s performance
correct.

Algorithm 2 solves this problem by performing a
masking operation on the inputs to the LADICAN.
Either all inputs to a given element are masked, or
none of them is. When the iriputs to an element are
masked, the element receives all zero inputs. This
masking operation allows us to present selected
subsets of the external inputs to the pupil at a
given time. In so doing, the training activity can be
restricted to a small segment of the net. Algorithm
1 is used to train this small segment. Then the
correctly set registers of this segment are identified
and not changed thereafter. The entire net is covered
in this piecemeal fashion. This approach avoids the
difficulty of not being able to determine which
element is at fault when an error is made by the net.

This algorithm is confined to the case where the
input set is unconstrained. This is because the
pupil ‘“‘sees’” the input only after the masking
operation has been performed. This modified input
must still be a legitimate input—i.e., a member of
the teacher’s set of care terms. This can be guar-
anteed in general only if the set of care terms is the
entire input set.

A network of 169 elements with 507 external
inputs was successfully trained using this algorithm.
The function on which it was trained was a member
of class 0.

The details of this algorithm are reported in
Reference 4.

a b

Figure 1t. Basic Step in Algorithm 3.

2.6.3. Algorithm 3

Algorithm 3 solves the following problem.* Given
m inputs, find the LADICAN of maximum length
whose performance space contains a specified (by
the teacher) function of the m inputs.

The performance space of a one-element LADI-
CAN with m inputs will certainly contain the
solution, for such a LADICAN is universal. There-
fore, our first try will be with a two-element LADI-
CAN': connect the inputs to an m-input, 2-element
LADICAN (see Fig. 11a), and train the LADICAN
with Algorithm 1 until a solution is reached (if it
exists). After the training is ecompleted, sequence
through all the care termsf and record the output
¢ for each. We now have available the functious to
be performed by eiements 1 and 2 for correct net-
work performance.

Next, replace element 1 with another two-element
LADICAN (see Fig. 11b), with sufficient inputs to
accommodate the inputs that went to element 1.
Train this two-element LADICAN (using the
previously recorded information as the desired
function) until it too, reaches a solution, if one
exists. Similarly, replace element 2 with a two-
element LADICAN with enough inputs to ac-
commodate the inputs that went to element 2, plus
one input to accommodate the output ¢ of element
1. Train this two-element LADICAN, using the re-
corded information to provide the input ¢, until it
reaches a solution (if one exists).

* The motivation for this problem will be described in a
forthcoming paper.

1 For this reason, Algorithm 3 is more readily applied with
a constrained input set.
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Continue to break down the clements, two at a
time, until the maximum-length LADICAN whose
performance space contains the solution is found.
Since this algorithm performs an iterative structural
decomposition (by making a change in structure to
accomplish its desired aim), it is a first step towards
realizing the restructuring mode of the general
algorithm discussed in the Introduction. We note
that, by construction, this algorithm also guarantees
attainment of a solution if one exists.

Although the proof of convergence of Algorithm 1
was made only for a two-element LADICAN,
Algorithm 1 can be applied to many-element
LADICANSs.* At present, however, we do not have
a proof of convergence for more than two elements.
Experimentally, the authors have never experienced
difficulty with applying Algorithm 1 directly to
LADICANS of three or four elements. Difficulty was
experienced in applying Algorithm 1 directly to
LADICANs of five or more elements; this was,
however, overcome by using Algorithm 2 or 3.

These experimental facts are important to
Algorithm 3 for two reasons: (1) For a given set of
m inputs, if we start with a four-element LADICAN,
the size of universal element required is about half
that required for a two-element LADICAN; (2)
With universal elements of the maximum available
size, m can be twice as big with a four-element
LADICAN.

2.7 Kzxperimental Resulls

This subsection presents experimental results per-
taining to LADICANS of universal elements. These
results were obtained by simulating the networks on
a digital computer.

The pupil subroutine portion of the simulation
program is capable of simulating several particular
realizations of the general model of the register
discussed in Section 2.6.1. We recall that the counters
can be incremented or decremented in steps of
A = m/s. In this simulation, s = 63; hence, there
are 64 possible states. In one of the realizations, the
p: assignments are a linear function of the register
count; namely, p; = ¢, where ¢ is the count in the
register (Fig. 12). We refer to this realization as the
random-firing method. In a second realization, the
p: assignments are nonlinear; namely, p; = 0if 7 < 6,
and p; = 1if 7 > 0 (Fig. 13). We refer to this
realization as. the fized-firing method.

Except where noted, A is held constant in the in-
vestigations reported.

*To make the solution unique in such a net, one register
in each element except the bottom one is set and held at 1 or 0.

2.7.1  Early Experiments

The carliest experiments were concerned with the
“learning dynamics” of a LADICAN of two U.'s.
The training algorithm  used was essentially
Algroithm 1 with “reward-punish.” The only
difference was that no registers were fixed a priori.

As discussed earlier, this network with a fixed
labeling is capable of realizing 88 of the 256 possible
functions of three inputs. The first question was: Is
this algorithm capable of getting the pupil to achieve
each of the 88 realizable functions? If so, arc there
any discernible characteristics of the learning
dynamics peculiar to those functions it can learn?
The answer to both of these questions turned out
to be in the affirmative.

Extensive experiments with this network revealed
the following:

(1) The achievability of realizable functions does
not depend upon A, except for A = 1. Tests
were run with A = 1/63 to A = 1 in steps of
1/63, and the only one for which training failed
was A = 1. This is to be contrasted with later
experiments in which the solution was made
unique by fixing a register. In this case (A = 1,
punish only, random or fixed-firing schemes),
solutions were attained as predicted by theo-
retical consideration.
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Figure 12. Register Realization 1: Random-Firing Method.
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Figure 13. Register Realization 2: Fixed-Firing Method.
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(2) Since no register was fixed a priori, the solution
was not unique, and it turned out that the
terminal register settings changed as a function
of A. These represented alternate equivalent
realizations of the given function.

(3) For A = 1/63, all 88 realizable functions were
achieved when the input sequences were
arbitrary. However, when the same input
sequence was used to train the net for each of

the 88 realizable functions, in seven cases the Figure 14. LADICAN Used in Algorithm 1 Experiments.
| .
| a) Punish only Random Firing V00 fixed
°Ti b) Reward-Punish Random Firing V fixed
l ¢) Punish only Fixed Firing  V,, fixed
| d) Reward-Punish Fixed Firing V00 fixed
I e) Reward-Punish Random Firing VOO not fixed
5 { f) Reward-Punish Fixed Firing VOO not fixed
I Note: Punish only, V00 not fixed does not
| converge,and case ) does not
| converge for A > 32/63.
I —— All trials reached solution.
4q —-I ——— Not all trials reached solution (curves
| based on those that did)
) I
- LADICAN TRAINED
3 I
2]
3
3 |
£
E Ll
§ |
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2 |
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Figure 15. General Characteristics of Mean-Iteration-Count-To-Reach-Solution vs. A Using Algorithm 1.
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pupil became “trapped” in some erroneous
states that it was unable to leave (for trials of
up to 8,000 iterations). The other 81 functions
were readily achieved.

(4) Fixed firing schemes worked well with all
#'s tried. These trails ranged from 8 = 0 to
6 = 48/63.

(5) When the network attempted to learn a non-
realizable function, each register acted in an
unpredictable fashion, and one or more of them
would not settle down to an extreme value.
In the dynamics of the individual registers there
were no apparent characteristics upon which to
base a criterion for distinguishing between
realizable and nonrealizable functions.

(6) The dynamics of the network as a whole dis-
played some promising characteristics for devel-
oping such a criterion, and one that was
formulated on the basis of these characteristics
is given in Reference 4.

2.7.2  Ezrperiments with Algorithm 1

Some extensive investigations were carried out on
the two-element LADICAN of Figure 14 using vari-
ants of Algorithm 1. Various combinations of
“punish-only,” “reward-punish,” random firing,
fixed firing, Vo fixed, Vo not fixed were considered.
For each of these cases, the number of iterations re-
quired to achieve realizable functions was tabulated
as a functions of A. These data were averaged and
smoothed, and the resulting general characteristics
of the mean-iteration-count-to-reach-a-solution vs.
A are displayed in Figure 15.

2.7.3 Ezxperiments with Algorithm 2

The simulation program was not capable of
simulating Algorithm 2 in its entirety. Certain
specializations were made;* Figure 16 shows the

results of experiments using this specialized version
of Algorithm 2 on LADICAN networks of universal
elements of three external inputs each.

2.7.4  FExperiments with Algorithm 3

The experimental results with Algorithm 3 will
appear in a forthcoming paper.

CONCLUSION

By using the Ashenhurst-Curtis theory of de-
composition of switching functions, the authors
have done the following:

1) Determined R., the cardinality of the set of
functions realizable by a LADICAN of n univer-
sal elements

2) Classified the R, functions by the number of
ways each is realizable by a LADICAN

3) Developed a way to determine to which resulting
partition each of the R, functions belongs

4) Determined the cardinality of the set of functions
realizable by a LADICAN of two Uy’s when all
possible labelings are included

5) Developed an algorithm for training two-element
LADICANS and its attendant proof of con-
vergence

6) Developed two algorithms for n-element LADI-
CANs. These algorithms have the important
ability to identify and preserve good informa-
tion once it is acquired by the pupil.

Much work remains to be done in developing the
self-organizing machine described in the introduction
of Section II. The questions pertaining to the
cascade-type structure that have been left un-
answered will have to be resolved. Furthermore,
properties of different kinds of structures will have
to be determined, particularly properties of a

No. of elements 5 10 15 20 34 169%
No. of external inputs 15 30 45 60 102 507
No. of trials 10 10 10 5 3 1
Mean iteration count to

reach solution 1,592 3,781 5,645 7,560 | 13,530 {79, 968
Mean iteration count per

element 318 378 371 378 398 473

*The 169 element LADICAN represents the maximum capacity of the

simulator program.

Figure 16. Tabulation of Data From Experiments Using the Specialized Version of Algorithm 2 on LADICANSs
of Universal Elements with Three External Inputs Each.
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parallel-type structure and of a hybrid parallel-
cascade-type structure. Even with these results, a
nondisjunctive assignment of the inputs will have
to be considered. (The A-C theory is general enough
to handle all these cases.)

It appears that all this information will be a
necessary prerequisite for the one big achievement
that will make the realization of the aforementioned
self-organizing machine possible—the determination
of an algorithm for making meaningful changes in
the structure of the pupil network during training
to assure that the solution is contained within the
pupil’s performance space. The ability to do this
will, of course, depend upon' the development of a
criterion for deciding when to make these changes.
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